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The paper concerns a nonlinear interaction of the *real wave field* with a point oscillator.The system is governed by the following equations$$\documentclass[12pt]{minimal}
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Similar global attraction was established for the first time (i) in \[[@CR6]--[@CR8]\] for 1D wave and Klein--Gordon equations coupled to nonlinear oscillators, (ii) in \[[@CR9], [@CR10]\] for nD Klein-Gordon and Dirac equations with mean field interaction, and (iii) in \[[@CR5]\] for discrete in space and time nD Klein--Gordon equation equations interacting with a nonlinear oscillator.

In the context of the Schrödinger and wave equations the point interaction of type ([1.1](#Equ1){ref-type=""}) was introduced in \[[@CR1], [@CR2], [@CR4], [@CR11], [@CR12]\], where the well-posedness of the Cauchy problem and the blow up solutions were studied. The orbital and asymptotic stability of soliton solutions for the Schrödinger equation with the point interaction has been established in \[[@CR3]\]. The global attraction for 3D equations with the point interaction was not studied up to now. In the present paper we prove for the first time the global attraction in the case of 3D wave equation.

Let us comment on our approach. First, similarly to \[[@CR8]--[@CR10]\], we represent the solution as the sum of *dispersive* and *singular* components. The dispersive component is a solution of the free wave equation with the same initial data $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi (x,0)$$\end{document}$. The singular component is a solution of a coupled system of wave equation with zero initial data and a point source, and of a nonlinear ODE.

We prove the long-time decay of the dispersive component in local $\documentclass[12pt]{minimal}
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                \begin{document}$$H^2\oplus H^1$$\end{document}$, we apply the strong Huygens principle and the energy conservation for the free wave equation. For the remaining singular part we apply the strong Huygens principle. The dispersive decay is caused by the energy radiation to infinity.

Finally, we study the nonlinear ODE with a source. We prove that the source decays and then the attractor of the ODE coincides with the set of zeros of the nonlinear function *F*, i.e. with the set *Q*. This allows us to prove the convergence of the singular component of the solution to one of the stationary solution in local $\documentclass[12pt]{minimal}
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Main Results {#Sec2}
============

Model {#Sec3}
-----
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### Definition 2.1 {#FPar1}
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Well-Posedness {#Sec4}
--------------

### Theorem 2.2 {#FPar2}

Let conditions ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) hold. Then(i)For every initial data $\documentclass[12pt]{minimal}
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This result is proved in \[[@CR12], Theorem 3.1\]. For the convenience of readers, we sketch main steps of the proof in Appendix in the case $\documentclass[12pt]{minimal}
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### Lemma 2.3 {#FPar3}
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### Proof {#FPar4}
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\(iii\) Due to ([2.12](#Equ17){ref-type=""}) it remains to show that $\documentclass[12pt]{minimal}
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Stationary Solutions and the Main Theorem {#Sec5}
-----------------------------------------

The stationary solutions of Eq. ([2.3](#Equ8){ref-type=""}) are solutions of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \psi _q(x)=qG(x)\in L^2_{loc}({\mathbb R}^3),\quad q\in {\mathbb R}. \end{aligned}$$\end{document}$$

### Lemma 2.4 {#FPar5}

(Existence of stationary solutions). Function ([2.13](#Equ18){ref-type=""}) is a stationary soliton to ([2.3](#Equ8){ref-type=""}) if and only if$$\documentclass[12pt]{minimal}
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### Proof {#FPar6}
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Our main result is the following theorem.

### Theorem 2.5 {#FPar7}

(Main Theorem) Let assumptions ([1.2](#Equ2){ref-type=""}), ([1.3](#Equ3){ref-type=""}) and ([1.4](#Equ4){ref-type=""}) hold and let $\documentclass[12pt]{minimal}
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It suffices to prove Theorem [2.5](#FPar7){ref-type="sec"} for $\documentclass[12pt]{minimal}
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Dispersion Component {#Sec6}
====================

We will only consider the solution $\documentclass[12pt]{minimal}
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Lemma 3.1 {#FPar8}
---------
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Proof {#FPar9}
-----
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The following lemma states a local decay of solutions to the free wave equation with regular initial data from $\documentclass[12pt]{minimal}
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Lemma 3.2 {#FPar10}
---------
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Proof {#FPar11}
-----
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Finally, ([3.3](#Equ22){ref-type=""}) , ([3.6](#Equ25){ref-type=""}) , ([3.2](#Equ21){ref-type=""}) and Lemma [3.2](#FPar10){ref-type="sec"} imply$$\documentclass[12pt]{minimal}
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Singular Component {#Sec7}
==================

Due to ([3.9](#Equ28){ref-type=""}) to prove Theorem [2.5](#FPar7){ref-type="sec"} it suffices to deduce the convergence to stationary states for the singular component $\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar12}
---------------
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Proof {#FPar13}
-----

The unique solution to ([2.7](#Equ12){ref-type=""}) is the spherical wave$$\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar14}
---------
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Proof {#FPar15}
-----
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Appendix {#Sec8}
========

Here we sketch main steps of the proof \[[@CR12], Theorem 3.1\]. First we adjust the nonlinearity *F* so that it becomes Lipschitz-continuous. Define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Lambda (\Psi _0)=\sup \{|\zeta |: \zeta \in {\mathbb R},\, U(\zeta )\le H_F(\Psi _0)\},\end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _0=\Psi (0)\in {\mathscr {D}}_F$$\end{document}$ is the initial data from Theorem [2.2](#FPar2){ref-type="sec"}. Then we may pick a modified potential function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{U}}(\zeta )\in C^2({\mathbb R})$$\end{document}$, so that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{lll} &{}\tilde{U}(\zeta )= U(\zeta ),\quad &{}|\zeta |\le \Lambda (\Psi _0)\\ &{}\tilde{U}(\zeta )>H_F(\Psi _0),\quad &{}|\zeta |>\Lambda (\Psi _0), \end{array}\right. \end{aligned}$$\end{document}$$and the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{F}}(\zeta )={\tilde{U}}'(\zeta )$$\end{document}$ is Lipschitz continuous:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |{\tilde{F}}(\zeta _1)-{\tilde{F}}(\zeta _2)|\le C|\zeta _1-\zeta _2|,\quad \zeta _1,\zeta _2\in {\mathbb R}. \end{aligned}$$\end{document}$$We consider the Cauchy problem for ([2.3](#Equ8){ref-type=""})) with the modified nonlinearity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{F}}$$\end{document}$. According to Lemma [2.3](#FPar3){ref-type="sec"} there exist the unique solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _f(x,t)\in C([0,\infty ),L^2_{loc}({\mathbb R}^3))$$\end{document}$ to ([2.6](#Equ11){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda (t)=\lim \limits _{x\rightarrow 0}\psi _f(x,t)\in C([0,\infty ))$$\end{document}$. The following lemma follows by the contraction mapping principle.

Lemma 5.1 {#FPar16}
---------
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Proposition 5.2 {#FPar17}
---------------

Let the conditions ([5.2](#Equ34){ref-type=""})--([5.3](#Equ35){ref-type=""}) hold. Then the function $\documentclass[12pt]{minimal}
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Proof {#FPar18}
-----
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According to \[[@CR12], Lemma 3.7\]$$\documentclass[12pt]{minimal}
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Lemma 5.3 {#FPar19}
---------
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Proof {#FPar20}
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